In mass production, fabrication processes of electrical machines are not perfectly repeatable with time, leading to dispersions on the dimensions which are not equal to their nominal values. The issue is then to link the dispersions on the dimensions, which are uncertain to the performance of electrical machines in order to evaluate their influence. To deal with uncertainty, there is a growing interest in the stochastic approach, which consists of modeling the uncertain parameters with random variables. In fact, this approach enables us to quantify the influence of the variability of the uncertain parameters on the variability of the quantities of interest. In this paper, a stochastic approach coupled with a 3-D finite-element model is used to study the influence of the fabrication process imperfections, such as the rotor eccentricity and the stator deformation, on the performance of a claw pole synchronous machine.
I. INTRODUCTION

D
UE to the imperfections of the fabrication process, deviations occur on the manufactured part dimensions of an electrical machine, which are not equal to their nominal values. For example, the inner surface of the stator does not fit a perfect cylinder shape or the rotor is not perfectly centered (eccentricity) [1] - [8] . These deviations introduce parasitic effects on the behavior of the electrical machine. Nowadays, if the deviations are perfectly known and constant, numerical models are available to evaluate their effects, and particularly one can check whether the electrical machine still satisfies the specification (if it is the case, these deviations can be accepted). In [8] , for example, a 3-D finite-element (FE) model has been used to study the influence of the stator deformation on the performance of a claw pole synchronous machine. In practice, these deviations versus the nominal dimensions are not perfectly known, especially in mass production, where the fabrication process changes with time. It introduces variability on the dimension deviations. The behavior of the machine varies from one machine to another. Consequently, one has to quantify the effect of this variability on the behavior of the electrical machine and check whether the specifications are still satisfied. If not, the most influential dimensions on the behavior should be identified in order to act on the fabrication process to reduce their variability. The stochastic approach enables us to evaluate the impact of the dimension dispersion on the performance of the electrical machine and also to provide tools for a global sensitivity analysis [9] . The issue is then the ability to model the variability of the dimensions with random variables (RVs). Until now, the stochastic approach is generally applied with random parameters modeled from expertise and almost no measurement to characterize the dispersion [11] .
In this paper, we propose to quantify, using a stochastic approach, the influence on claw pole machine performances of the dimension dispersions introduced by the process of fabrication. The dispersions on the dimensions are modeled using a probabilistic model extracted from measurements on 40 machines [9] . It appears that the most significant imperfections are the eccentricity of the rotor and the deformation of the stator's inner surface, which cannot be considered as a perfect cylinder. A 3-D non-linear FE model of the machine with a parameterized geometry has been developed to account for any eccentricity and complex inner surface shape of the stator. To propagate the uncertainty, a stochastic non-intrusive approach based on sparse polynomial chaos expansion has been applied. Then, statistics have been extracted in order to quantify the influence of the imperfections on the performance of the electrical machine.
II. CHARACTERIZATION AND MODELING OF IMPERFECTIONS OF CLAW POLE MACHINES A measurement campaign was made on the parts of 40 electrical machines. Each machine was disassembled into three parts: 1) the stator; 2) a bracket; and 3) the rotor. Each part was measured using a coordinate measuring machine (Fig. 1) . To characterize the eccentricity, the three parts were virtually reassembled [10] . As expected, the measured dimensions were not equal to the nominal dimensions. The inner surface of the stator was reconstructed from 576 measured points corresponding to the radii of the 36 slots measured on 16 layers regularly distributed along the depth.
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See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. In Fig. 2 , we can see clearly that the reconstructed surface is not a perfect cylinder. Moreover, the imperfections of the 40 machines were not identical and it appears that the dispersion is due to the non-repeatability of the process of fabrication. The analysis of the measurement showed that the major imperfections were the eccentricity of the rotor (static and dynamic) and also the deformation of the inner surface of the stator. We should mention that this conclusion can be drawn only for the considered fabrication process and cannot be generalized to any other fabrication process of the claw pole machines.
A. Characterization of Eccentricity
To characterize the eccentricity, three axes should be determined: 1) the rotation axis of the rotor; 2) the axis of the rotor; and 3) the axis of the stator. By calculating from the measured dimensions, the intersections of these axes with two planes P 1 and P 2 defined by the two bearings of the rotor shaft. The rotation axis of the rotor is the reference and defined as the center of the coordinate system in each plane. The intersections of the rotor and stator axes with the planes P 1 and P 2 are denoted by M r1 , M s1 , M r2 , and M s2 axes. It appears that the points M r2 and M s2 are not dispersed and can be considered coincident with the origin (0, 0), as shown in Fig. 2 . However, the dispersions of M r1 and M s1 cannot be neglected and are not coincident, which leads to an eccentricity. The mounting of the two shaft bearings is not the same and is much more tightened on the side of the plane P 2 leading to less dispersion. In order to emphasize the three states of eccentricity (static, dynamic, and mixed), we introduce a new parameterization of Definition of the parameters (α, sr, βs, and βr) modeling the eccentricity. Fig. 3 are introduced.
The parameters (α and sr ) define the distance between the different axis at t = 0. The two other parameters (βs and βr ) represent the angles between the stator axis and the rotor axis with the axis of phase A of the stator also at t = 0. With the proposed model, only one parameter characterizes the type of eccentricity and we have: 1) α = 1 static eccentricity; 2) α = 0 dynamic eccentricity; and 3) 0 < α < 1 mixed eccentricity. For each of the 40 machines, the previous parameters have been identified, leading to a sample of 40 realizations for each parameter α, sr , βs, and βr . Statistical tests showed that α can be modeled by a Gaussian RV, sr by a lognormal RV, whose statistics are reported in Table I , whereas βs and βr are modeled by uniform RVs on the interval of [0°, 360°].
B. Characterization of Stator Inner Surface
An analysis of the measurement of the 40 machines showed that the deformation of the stator inner surface can be accurately modeled by considering the radius r (i, z) of the i th tooth at the depth z (0 ≤ z ≤ l with l being the length of the stator) [5] , [6] 
The parameters k 6c , k 12s , k 12c , and k 18 are fixed parameters. The six parameters h 0 , h 2sin , h 2cos , h 3sin , h 3cos , and h 6sin depend on the machines. Statistical tests showed that the variability of the last six parameters could be modeled by a Gaussian RV, whose means and standard deviations are reported in Table I . It should be noted that the origin of the deformation associated with the previous parameters can be linked to a stage of the fabrication process. For example, the terms h 2sin and h 2cos are related to the assembling of the lamination stack and the housing with four screws. The term h 6sin is related to the six welding bands on the side of lamination stack leading to the retraction of six teeth over the 36 stator teeth.
Once the uncertainties on the inputs have been modeled, we can quantify the influence of the eccentricity and of the stator deformation on the quantities of interest by propagating the uncertainties through the FE model of the electrical machine, which should be able to account all the imperfections listed above [9] .
III. FINITE-ELEMENT MODEL ACCOUNTING
FOR IMPERFECTIONS The eddy current effect in the stator and in the rotor has been neglected. Under this assumption, the claw pole synchronous machine has been modeled using a non-linear magnetostatic model accounting for the movement. The scalar potential formulation coupled with 3-D FE method has been used to solve the non-linear magnetostatic problem. The number of nodes and the tetrahedral elements of the mesh are, respectively, equal to 152 865 and 832 514. To account for the modification of the geometry (eccentricity and stator deformation), a method based on node displacement has been chosen instead of a remeshing method. A transformation method has been implemented in order to move adequately the nodes in order to consider the deformation of the stator and the eccentricity. This transformation is parameterized by the uncertain parameters (α, sr , βs, and βr ) and (h 0 , h 2sin , h 2cos , h 3sin , h 3cos , and h 6sin ). The position of the rotor is parameterized by (α, sr , βs, and βr ) which is very convenient to simulate any configuration of eccentricity. In the same way, the radius of each tooth is calculated according to the deformation of the stator inner surface given by the parameters (h 0 , h 2sin , h 2cos , h 3sin , h 3cos , and h 6sin ) and expression (1).
IV. UNCERTAINTY QUANTIFICATION METHOD AND
GLOBAL SENSITIVITY ANALYSIS The inputs of the FE model being RVs, the outputs are also RVs. The issue is not only to characterize them by calculating their statistics such as the mean and the standard deviation but also to determine the input RVs, which contribute the most to their variability. If we denote p(θ) = [p 1 (θ ), . . . , p K (θ )], the vector of the input RVs, G, an output of the model, is an RV G[p(θ )]. To characterize it, we seek for an approximation under the form
where g i is the real coefficient and ( i [p(θ )]) 1≤i≤K multivariate polynomials (polynomial chaos). To determine the coefficients g i , a sample (p 1 , . . . , p R ) of size R of the realizations is generated in accordance with the probability density function of each input parameter p i . The FE model is solved for each parameter realization p j (1 ≤ j ≤ R) and a sample of size R of the quantity of interest G is obtained. Then, the least angle regression method is applied in order to identify coefficients g i [12] .
V. RESULTS
We have studied the electromotive force (EMF) and the torque when the rotor is supplied by a current I of 0.5 and 4 A, and the stator winding is at no load. The torque is then a cogging torque. At I = 0.5 A, the machine behavior is almost linear whereas at 4 A the machine is very saturated. The effect of the eccentricity and of the stator deformation has been studied separately. The quantities of interest are the harmonics of the EMF and the harmonics of the torque. The fundamental frequency corresponds to the mechanical frequency; the electrical frequency is six times higher because the machine has six pairs of poles. The ideal machine where the dimensions are equal to their nominal value has been first modeled. As expected, the harmonics of the EMF are of order 6, 18, and 30 and for the torque 36 and 72.
A. Impact of Eccentricity
We have calculated the EMF and the torque for R = 120 realizations of the uncertain parameters. In Fig. 4 , we have represented the R EMFs for I = 0.5 A. We can see that they are superposed and the variation coefficient of the harmonic magnitude is lower than 1.5%. Due to the saturation effect, at I = 4 A, the coefficient of variation is almost equal to zero. On the torque, it appears that the variability of the eccentricity has almost no influence on the magnitude of the harmonics 36 and 72. A parasitic harmonic of order 1 appears, whose magnitudes for the 120 realizations have been reported in Fig. 5 as well as the magnitude of the harmonic 36. The coefficient of variation of the magnitude of the harmonic 1 is equal to 70% and 64% for I = 0.5 A and I = 4 A, respectively, meaning that this harmonic is really dispersive. We can also notice a small variability of the magnitude of the harmonic 36. However, the ratio between the mean of the magnitudes of the harmonics 1 and 36 is equal to 3.8% and 0.9% for I = 0.5 A and I = 4 A. Consequently, even though the variability of the eccentricity is quite large it has a small impact on the machine behavior. It should be noticed that this conclusion can be drawn only for the eccentricity type considered in this analysis. The conclusion would not have been necessarily the same if the variability of M s2 and M r2 would have been significant (see Fig. 2 ) for example.
B. Impact of Stator Deformation
We have first quantified the effect of the uncertainties on the stator deformation. We have generated a sample of R = 200 realizations of the input parameters (h 0 , h 2sin , h 2cos , h 3sin , h 3cos , and h 6sin ). We have calculated the evolution of the torque in function of the position for each realization. In Fig. 6 , the superposition of the 200 torque wave shapes are compared with the one of the ideal machines (the dimensions are equal to the nominal ones) for I = 0.5 A. We can see that the stator deformation introduced a low-frequency effect. To characterize it, the harmonics of torque have been calculated for each realization. The influence of the parameters on the variability these harmonics has been studied by calculating the Sobol indices. The harmonics 36 and 72, which exist with the ideal machine, are not much influenced by the stator deformation. However, new harmonics of order 12 and 24 appear. In Table II , we report the value of Sobol indices for It should be noted that only the term h sin6 is the most influential, meaning that the variability (and the magnitude) of the harmonics 12 and 24 of the torque can be reduced only by acting on h 6sin . As mentioned previously, the term h 6sin is closely related to the welding process. Consequently, the reduction of the harmonics 12 and 24 passes necessarily by modifying this stage of the fabrication process.
VI. CONCLUSION
The stochastic approach presented enables us to relate the imperfections and the variability of the fabrication process to the quantity of interest of an electrical machine. This approach segregates among all the dispersive input parameters, characterizing from a measurement campaign, which ones are the most influential. This study shows that the type of eccentricity of the manufactured machines has less impact on the EMF and the torque at no load than the stator inner surface deformation.
